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ON THE ALGEBRAICITY OF GENERALIZED POWER SERIES 


KIR AN S. KEDLAYA 

Abstract. Let K be an algebraically closed field of characteristic p. We exhibit a coun¬ 
terexample against a theorem asserted in one of our earlier papers, which claims to charac¬ 
terize the integral closure of K{{t)) within the field of Hahn-Mal’cev-Neumann generalized 
power series. We then give a corrected characterization, generalizing our earlier description 
in terms of finite automata in the case where K is the algebraic closure of a finite field. 
We also characterize the integral closure of K{t), thus generalizing a well-known theorem 
of Christol and suggesting a possible framework for computing in this integral closure. We 
recover various corollaries on the structure of algebraic generalized power series; one of 
these is an extension of Derksen’s theorem on the zero sets of linear recurrent sequences in 
characteristic p. 


1. Introduction 

It is well-known that for K an algebraically closed field of characteristic zero, an algebraic 
closure of the held K{{t)) of formal Laurent series can be constructed by forming the held 
of Puiseux series 

OO 

U im''"))- 

n=l 

For the remainder of this paper, let K instead be an algebraically closed held of characteristic 
p > 0. In this case, the held of Puiseux series is not algebraically closed, e.g., because it 
contains no element x satisfying — x = t~^. 

The goal of our previous paper [2B] was to construct an algebraic closure of K{(t)) within 
the held iF((t‘®)) of generalized power series. An element of this held (which may also be 
called a Hahn series or Mal’cev-Neumann series') is a formal linear combination 
with Ci E K whose support (i.e., the set of i G Q for which c* 7^ 0) is a well-ordered subset 
of Q. The natural addition and multiplication operations turn out to be well-dehned and 
give A((t‘®)) the structure of an algebraically closed held; consequently, the integral closure 
of K{{t)) within this held is itself an algebraic closure of K{{t)). 

Unfortunately, it was recently pointed out by Rodrigo Salomao and Reillon Santos that 
if K ^ Fp, the main theorem of [26] is false as stated: the subset of K{(t'^)) identihed 
in [26l Theorem 8] is in fact a proper subset of the integral closure of K{{t)). The hrst 
purpose of this paper is to describe a simple explicit counterexample to [26l Theorem 8] (see 
Example 12.61) and use it to isolate the error in the arguments of [26]. The second purpose of 
this paper is to give a corrected description of the integral closure of K{{t)) in A((f‘®)) (see 
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Theorem I10.6p . recover all of the other results of [26] (with minor modihcations as needed), 
and verify that the statements of |26l Theorem 8 , Corollary 11] are correct when K = '¥p. 

As in [26], the description of the algebraic closure of K{{t)) consists of two parts: a 
restriction on the supports of generalized power series, and a restriction on the coefficients 
corresponding to elements of the support. The restriction on the supports turns out to be 
the same as in [SB], but the restriction on coefficients is somewhat more permissive. 

This modihed description is inspired by our later paper [SH], in which the case where 
K is the algebraic closure of a hnite held ¥q is given an alternate treatment using finite 
automata (or equivalently regular languages), in the manner of Christol’s theorem on the 
integral closure of Fq(t) within ¥q{{t)). We recast this setup in terms of linear algebra (or 
more precisely, semilinear algebra with respect to Frobenius) to obtain a valid result for 
arbitrary K. In the process, we characterize the integral closures of both K{t) and K{{t)) 
in A-((t«)) (see Theorem 110.41 for the former) and thus in particular obtain an extension of 
Christol’s theorem. We also obtain a framework for computing in these integral closures, 
which we expect to be more practical than the direct use of hnite automata suggested in 
[28] : see lITTIfor further discussion. 

As in [2B] , our main theorems have a number of corollaries which can be stated somewhat 
more simply. Most of these are collected in ^111 to which the hrst-time reader may wish to 
turn hrst. In l |T2l we deduce an extension of Derksen’s positive-characteristic analogue of the 
Skolem-Mahler-Lech theorem HZI, which asserts (in its simplest form) that the zero set of a 
linear recurrent sequence over K is p-automatic; namely, we prove the analogous statement 
for the coefficients of any generalized power series which is algebraic over K{t). Interestingly, 
the argument specializes to a short and apparently new proof of Derksen’s theorem itself. (It 
should be noted that in na, one also hnds some more rehned statements about the structure 
of zero sets of linear recurrent sequences; we do not treat these statements here.) 

We note in passing that in addition to the aforementioned papers, our paper [27] on the 
construction of algebraic closures of p-adic helds also makes use of [26]. The statements of 
[271 Theorem 10, Theorem 11] must thus be corrected in a similar manner (see Theorem 113.21 
and Theorem 113.41) . At the end of the paper (see l ITSll . we conduct a survey of published 
papers that cite [26l 127] to conhrm that (as far as we have able to determine) no other results 
are affected. 


2. A COUNTEREXAMPLE 


We begin by introducing enough terminology and notation to recall the statement of the 
main theorem of [26], then describe the counterexample alluded to in the introduction. 

Definition 2.1. For a a positive integer, b an integer, and c a nonnegative integer, dehne 
the set 



< c| 


' ^ - 62 P ^- ) : n> -b,bi e {0,.. 


In words, Safi,c consists of those s G Q such that the fractional part of —as, when written in 
base p, has digit sum at most c. 

Definition 2.2. For k a nonnegative integer, a linearized recurrence relation (LRR) over K 
of length /c is a condition on an inhnite sequence cq, ci,... taking the form 


( 2 . 2 . 1 ) 


k 

doCn + -t- • • • = 0 (n = 0,1,...) 
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for some do, ■ ■ ■ ,dk E K. Note that the set of solutions of a given LRR is stable under addition 
and Fp-scalar multiplication, but not iF-scalar multiplication: multiplying a solution by a 
scalar in K gives instead a solution of a new LRR of the same length. 

Definition 2.3. Let = *S'i^o,c Ll (—1, 0). For k a positive integer, a function / : —)■ iF is 

twist-recurrent of order k if there exist do,... ,dk E K such that the LRR 02.2.ip holds for 
any sequence {c„} of the form 

(2.3.1) Cn = - + p~'^{bjp-^ H-)) (n > 0) 

for i a positive integer and 6 i, 62 , • • • E {0,... ,p — 1} with Ylbi < c. 

Definition 2.4. A series x E iL((t'®)) is twist-recurrent if the following conditions hold. 

(a) There exist a, b, c such that x is supported on Sa,b,c- 

(b) For some (hence any) a, b, c as in (a) and each integer m > —b, the function : 
Tc ^ K given by fm{z) = X{rn+z)/a is twist-recurrent (of some order). 

(c) The functions fm span a hnite-dimensional vector space over K. 

The proof of f2E[ Theorem 8 ] consists of three steps, the hrst two of which are correct 
and yield the following result. We will recover this statement later as a consequence of 
Theorem 110.61 

Proposition 2.5. The twist-recurrent elements of K{{t'^)) form a subring which is integral 
over K{{t)). In particular, this subring, being integral over a field, is itself a field. 

However, [221 Theorem 8 ] also asserts that every element of K{{f^)) which is integral over 
K{{f)) is twist-recurrent, which is false in general; here is an explicit counterexample. 


Example 2.6. Choose X E K nonzero. Put 

00 00 

m=l m,n=l 

so that tyP — Xt^^^y = x^ — x = y. Note that x satishes Dehnition I2.4f a) for the 

parameters {a,b,c) = (1,0,2). Write x = YhiXiT and let / : Tc ^ iC be the function given 
by f{z) = Xz. For each j >2, consider the sequence as in fl2.3.ip for 


61 = ■ ■ ■ = bj-2 = 0 , bj-i = bj = 1 , bj+i = bj+2 = • • • = 0 ; 
this sequence satishes 


This sequence satishes the LRR fl2.2.1l) if and only if 

do + dixp"~' + d 2 {xp"~'y+p + • • • + dk{xp"~'y+p+-+p"~" = 0 . 

2—j 

However, if A is not integral over Fp, then A^ takes inhnitely many values, only hnitely 
many of which can be roots of the polynomial 


P(T) = do + diT + + • • ■ + dkT^+P+-+P'~\ 


Consequently, / is not twist-recurrent, and thus x cannot be twist-recurrent. 


We now isolate the error in the proof of [261 Theorem 8] exposed by Example 12.61 
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Remark 2.7. The third step in the proof of [2^ Theorem 8] is to show that if x = 

are such that — x = y and y is twist-recurrent, then x is 
twist-recurrent. It suffices to treat the cases where y is supported either on (—oo, 0) fl Sa,b,c 
or on (0, oo) fl Sa,h,c for some a, h, c. 

In case y is supported on (—oo, 0) fl Sa^^c, then 

OO 

i i n=l i n 

is supported on Sa,b,b+c- We must show that there exists a single LRR which is satisfied by 
every sequence of the form 

0)1 ^m—bip~^ -0) 1) • • • ) 

for j > 0, —6 < m < 0, fcj e {0,... ,p — 1}, and Yi h ^ c. If m = j = 0, then 

On+l On y—bip—^ - fej_ip—p—'*(fejp——)) 

if {o^+i — On} satisfies an LRR with coefficients do,, dk, then {cn} satisfies an LRR with 
coefficients —do, do — di,..., dk-i — d^. (The last coefficient is misprinted as d^ — dk-i in [26].) 
By contrast, if m < 0 or j > 0, then {cn} is the sum of a bounded number of sequences, 
each obtained from a sequence satisfying a fixed LRR by taking p^-th roots for some k. One 
then needs to apply [26l Corollary 5] to deduce that {cn} satisfies a fixed LRR, but this is 
only valid if the possible values of k are uniformly bounded over all possible sequences, and 
this is precisely what fails to occur in Example 12.61 

Remark 2.8. Although this is not made apparent by Example l2.61 the third step in the proof 
of [26l Theorem 8] contains a similar error in the case where y is supported on (0, oo) OS'a^b^c- 
In addition, the argument given is not sufficient to confirm that x satisfies condition (c) of 
Definition 12.41 

Remark 2.9. The statement of [26l Theorem 8] is correct as written in the case K = Fp. 
This can be seen either by inspecting the proof carefully to see that the errors described 
above do not affect this case, or by appealing to those results of [28] which are derived 
independently of [26] (see Remark IT8|) . In this paper, we instead deduce [26[ Theorem 8] in 
the case iC = Fp as a corollary of Theorem 110.61 which is valid for all K ; see Theorem 111.121 

3. Regular languages and functions 

We next briefly introduce the related concepts of finite automata and regular languages. 
These concepts are both used in [28] to study generalized power series over the algebraic 
closure of a finite field, although they play a somewhat less central role here. 

Definition 3.1. For S a set (which we regard as an alphabet), let S* be the set of finite 
sequences taking values in S (which we regard as words on the alphabet S). We view E* as 
a monoid for the concatenation operation, which we denote by juxtaposition (i.e., xy is the 
concatenation of x and y). Let len : S* —)■ Z be the length function, so that 

len(ai ■ • • a^) = n (ai,..., 0,1 G E). 

Let rev : E* —)■ E* be the reversal operator on strings, so that 

rev(ai • • • a„) = • • • ai (oi,..., G E). 
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Definition 3.2. Let S be a finite set and let / : S* —)■ A be any function. Define the prefix 
equivalence relation ~/,pre and the postfix equivalence relation ~/,post on S* by the formulas 

w ~/,pre w' f{wx) = f{w'x) for all X G S*; 

W ~/,post w' f{xw) = f{xw') for all x G S*. 

Let Pre/ and Post/ be the sets of equivalence classes under ~/,pre and ~/,post- We get well- 
defined concatenation maps Pre/ xS* —)■ Pre/, S* x Post/ —?• Post/. Moreover, / induces a 
map / : Pre/ x Post/ —)■ A. 

We say that / is a finite-state function if Pre/ is finite; this forces / to have finite image. 
By Lemma 13.41 below, it is equivalent to require Post/ to be finite. 

Definition 3.3. For LCD* (viewed as a language on the alphabet S), we say that L is 
regular if its characteristic function is a finite-state function. 

For P a finite partition of a regular language L, we say that P is regular if the projection 
map /p : S* —)■ P U {E* \ L} is a finite-state function; this happens if and only if each 
part of P is itself a regular language 0 Theorems 4.3.1 and 4.3.2]. In this case, we write 
Prep, Postp instead of Pre/^, Post/^; these are themselves regular partitions of S*. 

We formally extend the operator rev on strings to languages and regular partitions: 

rev(L) = {rev(s) : s G L}, rev(P) = {rev(g) : q G P}. 

By Lemma l3^ below. rev(P) is a regular partition if P is; note that rev(Prep) = Postrev(p) 
and rev(Postp) = Prerev(p)- 

Lemma 3.4. Let Tj be a finite alphabet. 

(a) A language L PT,* is regular if and only z/rev(L) is. 

(b) A function / : E* —)■ A zs a finite-state function if and only if f o rev is. 

Proof. Part (a) is [5l Corollary 4.3.5]; part (b) follows from (a) using the criterion of Defini¬ 
tion 13.31 □ 

We next recall the basic type of finite automata considered in [28l Definition 2.1.8]. 

Definition 3.5. A deterministic finite automaton with output (DFAO) is a tuple M = 
(Q,E,(5,go, A,r), where 

• Q is a finite set (the states); 

• E is a finite set (the alphabet); 

• 5 is a function from Q x E to Q (the transition function); 

• go ^ Q is a state (the initial state); 

• A is a set (the output alphabet); 

• r is a function from Q to A (the output function). 

The function 6 formally extends to a function 5* : Q x E* —)■ Q by the rules 

3*{q,wa) = 6{6*{q,w),a) (g G Q, tc G E*, a G E). 

We then obtain a function /^ : E* —)■ A by setting fM{w) = r(5*(go,w)). 

The relationship between finite-state functions and finite automata is provided by the 
Myhill-Nerode theorem. 

Proposition 3.6 (Myhill-Nerode theorem). For E a finite set, a function / : E* ^ A zs a 
finite-state function if and only if it occurs as fM for some DFAO M. 
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Proof. Note that 6* induces an injective map Pre/^ —)■ Q, so /m is a finite-state function; 
conversely, if / is a finite-state function, there is a DFAO M with Pref^ = Q = Pre/. For 
more details, see [5l Theorem 4.1.8]. □ 

The following definition captures certain basic transformations of regular languages; see 
Example 14.31 for a key example. 

Definition 3.7. Let L be a regular language on the alphabet S. Let P be a regular partition 
of L. For T : Prep xE ^ A a function, we define the function : S* —>■ A* by the formula 

/t(0) = 0, friwa) = fr{w)r{w, a) {w G S*, a e E). 

A function occurring as the restriction of fr to L for some P, r is called a uniform transducer 
over L. 

For example, any map from E to another alphabet A defines (using the trivial partition) 
a uniform transducer over E* whose image is again a regular language O Theorem 4.3.6]; 
such a map is called a homomorphism of regular languages. 

Lemma 3.8. Let E, E' he two finite alphabets. Let tt : E x E' —)■ E he the projection map. 
Let /^ : (E X E')* —)■ E* be the associated uniform transducer. Then for any regular language 
L on the alphabet E x E', 

{s e E- : fp{{s}) C L} 

is a regular language on the alphabet E. 

Proof. Let L' be the complement of L; then L' is again a regular language. By the previous 
discussion, the image fn{L') is a regular language; as then is its complement. However, the 
latter is exactly the set we are considering. □ 

4. Regular languages and generalized power series 

We now make the link between regular languages and generalized power series, extending 
the case K = ¥p treated in |28]. We begin by fixing some conventions regarding base-p 
representations of rational numbers which are slightly nonstandard, but consistent with |28] . 

Definition 4.1. Let Ep denote the alphabet {0,... ,p —1}. Let L^ C E* be the set of strings 
not beginning with 0; this is evidently a regular language. For s = Sq • • • G L^, define 

n 

i=o 

this defines a bijection \»\ : L^ ^ Z>q. We view s as our preferred base-p representation of 
the nonnegative integer |s|; in particular, we represent 0 by the empty string. 

Let Lp C (Ep U {.})* be the set of the strings of the form S 1 .S 2 with si G Lp, S 2 G rev(Lp); 
this is again a regular language. For s = sq ■ ■ ■ Sn & Lp, let i be the unique index for which 
Si = ., and define 

i—1 n 

ii^ii = 

j=o i=j+i 

this defines a bijection ||•|| from Lp to Z[p“^]>o (the set of nonnegative rational numbers with 
p-power denominators). We view s as our preferred base-p representation of ll#]]; beware 
that for nonnegative integers, we prefer different representations depending on whether we 
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are viewing them as elements of Z>o (in which case we omit the trailing radix point) or 
Z[p-i] >0 (in which case we include the radix point). 

Example 4.2. For r G M, the set of s G Lp such that ||s|| < r is regular if and only if r G Q. 

Example 4.3. For a G Z>o, b G Z,>o, the function i ai + b on Z[p“^]>o can be computed 
on base-p expansions from right to left with only a hxed hnite amount of auxiliary memory, 
but not from left to right. In other words, the function 

/:Lp-^Lp, ||rev(/(s))|| = a ||rev(s)|| + 6 (s G Lp) 

is a uniform transducer, but rev of o rev is not. 

In this language, the theorem of Christol is the following. (For a rederivation of this 
theorem using the results of this paper, see Remark 18.51 ) 

Theorem 4.4 (Christol). For q a power of p, an element x = ^ algebraic 

over Fq(t) if and only the function —>■ Wg taking s to is a finite-state function. 

Proof. See [121 Theoreme 1], [131 Theoreme 1], or [5l Theorem 12.2.5]. □ 

This theorem is generalized by [281 Theorem 4.1.3] as follows. For a rederivation of this 
result using the results of this paper, see Remark 111.101 

Theorem 4.5. For q a power ofp, an element x = ^ ®'g((^'*^)) algebraic over¥q{t) 

if and only it satisfies the following conditions. 

(a) For some integers a,b with a > 0, the support of x is contained in {{i — b)/a : i G 
Z\p-^]>o}. 

(b) For some a,b as in (a), the function Lp —)■ Fg taking s to Xa||s||+6 is a finite-state 
function. (This then holds for any such a, b.) 

Remark 4.6. One important distinction between Theorem 14.41 and Theorem 14.51 is that 
whereas any hnite-state function —>■ Fg dehnes a power series, a hnite-state function Lp —>■ 
Fg typically does not dehne a generalized power series: the constraint of well-ordered support 
imposes a strong restriction on the underlying DFAO. We use one explicit consequence of 
this restriction in Lemma [4.71 below: see [28l §7.1] for further discussion. 

Lemma 4.7. Let L F Lp be a regular language such that ||L|| = {||s|] : s G L} is well-ordered. 
Then every accumulation point o/ ||L|| belongs to Q. 

Proof. Identify the characteristic function of L with fM '■ (Sp U {.})* —t {0,1} for some 
DFAO M. Let Si, S2,... G L be a sequence such that the sequence ||si|], |ls2||,.. . converges 
to some r G M. Then there is a unique inhnite string s such that the length of the maximal 
prehx shared by s and Si tends to oo as i —)■ cxo; this string may be viewed as a (possibly 
nonstandard) base-p expansion of r. Since M has only hnitely many states, there must exist 
a state q which occurs as S*{qo,p) for inhnitely many prehxes p of s. However, since ||L|| 
is well-ordered, we may apply [281 Theorem 7.1.6] to see that the transition graph of M 
contains a unique minimal directed cycle from q to itself. It follows that s is eventually 
periodic, so r G Q. □ 

Remark 4.8. Since [28] contains arguments based on [20] Theorem 8] which is now known 
to be incorrect, some discussion is in order regarding the status of the results of [28]. The fact 
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that generalized power series described by automata are algebraic over ¥q(t) is established 
by a direct calculation [28l Proposition 5.1.2] which does not refer to [26]. The converse 
implication is given two distinct proofs: one of these [28l Proposition 5.2.7] uses [26l Theo¬ 
rem 15], which we will later verify is correct as stated (see Theorem 111.111) : the other [22] 
Proposition 7.3.4] is logically independent of |2S]- Consequently, all of the results of [2B] 
remain correct as stated and proved. 

5. Composed functions over a general field 

In order to extend the notion of automaticity to arbitrary K, we need to incorporate some 
additional linear algebra into the construction; this linear algebra in some sense makes the 
hnite automata redundant, but for various reasons (including but not limited to compatibility 
with [28]) it is useful to keep them present. 

Hypothesis 5.1. Throughout §5] let F be a held (of any characteristic), and let (p : F ^ F 
be an automorphism. 

Definition 5.2. Throughout this dehnition, let C be a hnite-dimensional F-vector space. 
Let V'^ = Homi 7 ’(I/, F) denote the dual vector space and let (•,•): x C —)■ F denote the 

contraction (evaluation) pairing. Let Endz(C) be the set of endomorphisms of the underlying 
abelian group of V, viewed as a monoid with respect to composition of functions (so that 
g o f means apply /, then g). 

We say that g G End 2 (C) is ip-semilinear if for all r G F, v G V, we have (/(rv) = ip{r)g{'v). 
Let End<^(E) be the subset (not a submonoid under composition) of Endz(E) consisting of 
(p-semilinear endomorphisms. Let T : End<^(E) —?• End^-i(E'^) denote the transpose map, 
characterized by the identity 

(r(/)(v^), v) = (p-'((v^ /(v))) (v G E, G / G End^E)). 

Definition 5.3. For G a monoid, let : G* —)■ G denote the multiplication map on strings, 
with 0 being the identity element of G. 

Definition 5.4. Let E be a hnite-dimensional vector space over F. A function / : S* —)■ 
Endz(E) is ip-composed if there exists a function r : {0,... ,p — 1} —)■ Endi^(E) such that 

/(s) = r(ai) o • • • o r(an) (s = oi ■ • • a„ G 

In particular, /(0) = idy and /(s) G End^ien(s) (E) for all s G S*. 

More generally, we say that / is p-autocomposed if there exist a regular partition P of S* 
and a function r : Prep x{0,... ,p — 1} —)■ End(_ 5 (E) such that 

/w=nLw 

In particular, any 93 -composed function is 93 -autocomposed with P being the trivial partition 
of s;. 

This last observation has a partial converse. 

Definition 5.5. Let E be a hnite-dimensional F-vector space. A function / : E* —)■ 
Endziy) is potentially p-composed (resp. potentially p-autocomposed) if there exist a hnite- 
dimensional F-vector space V, an F-linear injection t : 1/ —)■ W, an F-linear surjection 




-n ■. V ^ V, and a yj-composed (resp. (p-autocomposed) function f' : T,* ^ Endz(V^') such 
that 

(5.5.1) f{s) =710 f'{s)oi (seSp. 

Lemma 5.6. Any potentially (p-autocomposed function is potentially ip-composed. 

Proof. It is enough to check that any (p-autocomposed function / as in Dehnition 15.41 is 
potentially (p-composed. Let V' be the direct sum of copies of V indexed by Prep. Let 
L ■. V ^ V he the map taking v to (v)ggprep. Let n ■. V ^ V he the projection onto the 
copy of V indexed by the prehx class of the empty string. Let r' : {0,... ,p — 1} —)■ End<p(ld') 
be the function taking a to the map 

('^(j)(jePrep ®)(V(ja))gGPrep. 

Let f'-.T,*^ Endz(E') be the (p-composed function associated to r'. Then fl5.5.ip holds, as 
desired. □ 

Corollary 5.7. Let V be a finite-dimensional F-vector space. Let f : T,* ^ EndziV) be 
a potentially p-composed (resp. potentially p-autocomposed) function. Then the function 
/' : S* —)■ Endz(E'^) taking s to T(/(rev(s))) is potentially p~^-composed (resp. potentially 
p~^ -autocomposed). 

Proof. The (p-composed case is trivial; the (p-autocomposed case then follows by Lemma 15^ 

□ 

Remark 5.8. For V, W two hnite-dimensional F-vector spaces, / : S* —)■ Endz(E) a (poten¬ 
tially) (p-autocomposed function, and g : T* ^ Endz(lE) a (potentially) (p-autocomposed 
function, the function S* —)• Endz(V 0 p W) taking s to the endomorphism v( 8 )wi—)- 
/(s)(v) (g) 5 ((s)(w) is again (potentially) (p-autocomposed. 

Definition 5.9. For V a hnite-dimensional F-vector space and f : L^ ^ Endz{V) a function, 
we say that / is p-automatic if the function / : S* —)■ EndziV) taking s to f{s) if s G 
Lp and 0 otherwise is potentially (p-composed (or equivalently by Lemma 15.61 potentially 
(p-autocomposed). Using Remark I5.8[ one may verify that the restriction to L^ of any 
potentially (p-autocomposed function on S* is (p-automatic. 

For generalized power series, we need an analogue of (p-automatic functions in which L^ 
is replaced by Lp. 

Definition 5.10. Let U be a hnite-dimensional F-vector space. A function f : Lp ^ 
Endz{V) is p-biautomatic if there exist a hnite-dimensional F-vector space V', an F-linear 
injection t : U —)■ U', an F-linear surjection vr : U' U, a (p-composed function /i : S* —)■ 
Endz(U'), and a (p“^-composed function /2 : S* —)■ Endz(U') such that 

/(S 1 .S 2 ) = vr o /i(rev(si)) o 72 ( 52 ) ol (si G LJ, S 2 G rev(L°)). 

By Lemma 15.61 one gets the same class of functions if one allows /i (resp. 72 ) to be p- 
autocomposed (resp. (p“^-autocomposed). By Corollary 15.71 f is (p-biautomatic if and only 
if the function f':Lp^ Endz(U'^) taking s to T( 7 (rev(s))) is. 

Lemma 5.11. Let V be a finite-dimensional F-vector space. Choose a G Z>o, b G Z>o. 
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(a) Let f : Lp ^ Endz(V^) be a function. Define the function f : ^ Endz(E) as 

follows: for s G Lp, if |s| = a\t\ + b for some t G Lp, put f'{s) = f{t); otherwise, put 
f'{s) = 0. Then f is tf-automatic (as in Definition \5.9\) if and only if f' is. 

(b) Let f -. Lp ^ Endz(E) be a function. Define the function f : Lp ^ Endz(E) as 
follows: for s G Lp, if ||s|| = a ||t|| + b for some t G Lp, put f'{s) = f{t); otherwise, 
put f'{s) = 0. Then f is (f-biautomatic if and only if f is. 


Proof. By Corollary 15.71 we may check (a) by verifying the analogous statement with the 
strings reversed; this follows from Example 14.31 From (a) and Corollary 15.71 we easily deduce 
(b). □ 


6. Automatic series over a general field 

We now specialize to the case of an algebraically closed held of characteristic p, and put 
forward dehnitions of automaticity for ordinary and generalized power series that extend the 
dehnitions over hnite helds. 

Definition 6.1. For F a held of characteristic p, let (p : F —)■ F be the Frobenius endomor¬ 
phism X HA- x^. In particular, we are assuming globally that K is an algebraically closed held 
of characteristic p, so p acts as an automorphism on both K and K{{t^)). 

Definition 6.2. A power series x = G K\t\ is p-automatic if there exists a 

<p-automatic function f : Lp ^ Endz(F) (viewing A as a vector space over itself) such that 

= /(rev(s))(l) (s G Lj). 

Similarly, a generalized power series x = G A((f‘®)) is p-automatic if its support is 

contained in Z[p“^]>o and there exists a p-biautomatic function f : Lp ^ Endz(A) such 
that 

a^lbll = /(«)(!) (s e Lp)] 

this agrees with the previous dehnition in case x G A|f]. 

Definition 6.3. We say x = £ -^[^'^1 is p-quasi-automatic if the following conditions 

hold. 

(a) For some integers a, b with a > 0, 6 > 0, the support of x is contained in {{i — b)/a : 
i G Z[p"i]>o}. 

(b) For some a,b as in (a), the series is p-automatic. It will follow from 

Lemma WM that the same will hold for any a, b as in (a); in particular, if x is supported 
on Z[p“^]>o, then x is p-quasi-automatic if and only if x is p-automatic. 

Let A((f'®))aut be the subset of K{{f^)) consisting of p-quasi-automatic elements. 

Lemma 6.4. For x = G A((f'®)) supported on Z[p“^]>o, and a,b integers with a > 0, 

b>t), X is p-automatic if and only if is. 

Proof. This is a special case of Lemma [5.11f bL □ 

The preceding dehnitions are compatible with |28] in the following sense. 

Lemma 6.5. If K = Fp, then x G A((f‘®)) is p-automatic (resp. p-quasi-automatic) in the 
sense of Definition 1 6. 3\ if and only if it is p-automatic (resp. p-quasi-automatic) in the sense 
of |28l Dehnition 4.1.2]. 
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Proof. It suffices to observe that when K = Fp, the linear-algebraic data dehning any p- 
automatic function can all be realized over a hnite subheld of K. □ 

Remark 6.6. As in [28], we may verify that A'((f‘®))aut is stable under a number of basic 
operations. 

(a) The set A'((t‘®))aut is a A'-vector subspace of K{(t‘^)) containing K. By Lemma 16^ 
it is also a A'[f]-submodule. 

(b) By Remark 15.81 the termwise product of two p-automatic functions is again p- 
automatic. In particular, iL((t‘®))aut is stable under Hadamard products: if it contains 

then it also contains 

(c) By (b), K{(tY)a.nt is stable under any substitution of the form f i—)■ /if for /i G . 
(Note that this substitution is not specihed by p alone, as one must also choose a 
coherent sequence of roots of p.) 

(d) By Lemma 16^ K{it‘^))a.nt is stable under any substitution of the form f i—)■ f* for 
i £ Q>o- Since it is also stable under automorphisms of K applied coefficientwise, it 
is thus stable under ip and 

(e) For X = ^ r G M, dehne the r-truncation of x to be the series 

Yi<r^i^^- With this dehnition, if x is p-quasi-automatic, then so is its r-truncation: 
Lemma Wff\ implies that sup{i < r : 7 ^ 0} G Q and so we may reduce to the case 

r G Q, which follows from (b) plus Example 14.21 

(f) Any hnite linear combination YiVPi i^ which Pi^Zi are p-automatic, pi G K{(t)), 
and Zi is supported on [0,1) is p-automatic. Conversely, any p-automatic series can 
be written as such a linear combination by choosing a basis of the vector space V 
used in the construction. 

One result which is nontrivial to check is that K{{tY)a.nt is closed under multiplication; for 
K = ¥p this is shown in [281 Lemma 7.2.2] using the fact that addition of reversed base-p 
expansions can be described using a uniform transducer in the style of Example 14.31 The 
general case can be proved by a similar but even more complicated argument, which we omit 
here; the closure under multiplication will anyway follow a posteriori from Theorem 110.41 
and even from an intermediate result (see Remark 19.5p . 

Another nontrivial assertion, which has no analogue in [28], is that for any algebraically 
closed held K' containing K, within K'{{t'^)) one has iF((f‘®)) H iF'((f‘®))aut = K{{t'^))a.uu 
that is, automaticity is insensitive to extensions of the coefficient held. This will again follow 
a posteriori from Theorem 110.41 

7. Algebraicity of automatic generalized power series 

We now follow the proof of [2S1 Proposition 5.1.2] to deduce that p-quasi-automatic series 
are integral over K [t). 

Lemma 7.1. Let F <Z F' be an inclusion of algebraically closed fields of characteristic p. 
Let V be a finite-dimensional F-vector space, put V = V F', and define inclusions 
End<^(R) —)• End(^(R'), End<^-i(R) —?• End<^-i(R') by formal extension of semilinear maps. 
If^&V satisfies v = /(v) for some f G End(^(l/) U End^-i(R), then v G R. 

Proof. See [28l Lemma 3.3.5]. □ 

Lemma 7.2. If x G K{(tY)a.ut, then x is integral over K(t). 
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Proof. We may assume that x is p-automatic. Let L be the integral closure of K{t) in 
-^((^'®))aut- Choose data as in Dehnition 15.101 with V = K. By Lemma 15.61 we may 
assume without loss of generality that /i is the yj-composed function associated to some 
map Ti : Sp —)■ End<p(W) and that /2 is the (p“Lcomposed function associated to some map 
r 2 : Sp ^ Endp-i(W). We may formally extend tt to iL((f'®))-linear maps 

I : K{{t^)) ^ W n-.V'®K ^ 

Dehne gi,g 2 G Endz(W ®k -^((^^))) by the formulas 

9i = Y^ /i(rev(s)), 92 f 2 {s). 

sgLO sgLO 


We then have 


^1 = 1+5^ ^/i(rev(as')) 

s'gl/O a=0 


p-1 

1 + ^gio ri(a). 

a=0 


By Lemma mi this equality forces gi E Endz(W L). By similar considerations, we have 
g 2 E Endz(W ®k L). By writing 


X = 7T o g^o g 2 0 L, 


we see that x E L, as desired. □ 

Remark 7.3. Lemma 17^ can be used to give an alternate proof of the “only if” implication 
of Lemma [6.51 Namely, if x is p-automatic in the sense of Dehnition 16.31 then it is algebraic 
over K(t) by Lemma 17^ In particular, x is algebraic over Fp(t), so by [28l Proposition 7.3.4] 
it is p-quasi-automatic in the sense of [28l Dehnition 4.1.2]. Since x is supported on Z[p“^]>o, 
we may apply [28l Lemma 2.3.6] to see that it is also p-automatic in the sense of [28] 
Dehnition 4.1.2]. 

8. Automaticity of algebraic power series via decimation 

Our next step is to derive a generalization of Christol’s theorem to an arbitrary alge¬ 
braically closed held K, using the method of decimation. This construction turns out to 
have strong geometric meaning; see Remark 18.41 

Definition 8.1. Let Lq be either K{t) or K{{t)), so that (p{Lq) is respectivetly K{P) or 
K{{P)). Let L be a hnite separable extension of Lq. Then the hnite separable extension 
<p(L) of <p(Lo) and the purely inseparable extension Lq of <p(Lo) must be linearly disjoint. 
Consequently, the basis 1, f,..., of Lq over <p(Lo) is also a basis of L over <p(L). We thus 
have functions sq , ..., Sp_i : L ^ L uniquely determined by the formula 


p-1 

x = '^Si{xYf {x E L). 

i=0 
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Since a derivation in characteristic p kills any p-th power, we also have 

(8.1.1) ^ = + (^ = 0,...,p-1) 

j=i 

jp-lup-l-i \ 

(8.1.2) -= (* = 0,...,p-l). 

Theorem 8.2. An element x G KltJ is integral over K{t) if and only if it is p-automatic. 


Proof. By Lemma 17.21 we need only check the “only if” direction. Suppose x G 7^|t] is 
algebraic over K{t). To check that x is p-automatic, by Remark l6.6l e) we may instead check 
that p'^{x) is p-automatic for some conveniently large integer n; we may thus assume that x 
belongs to a hnite separable extension L of K{t). Let C* be a smooth, projective, irreducible 
curve over K with function held L. Let V be the minimal iL-subspace of L containing x 
and closed under Sq, ■ ■ ■, Sp_i. Choose a closed point P G C, an element y E L, and a value 
i G {0,... ,p — 1}. If ordp(a:) > 0 and oidp^dt) = 0, by applying (I8.1.ip with i = p — 1,..., 0 
in turn we obtain 

ordp(p) > 0 ^ ordp(si(?/)) > 0. 

This excludes only hnitely many P, for which we apply fl8.1.2l) to deduce that 


( 8 . 2 . 1 ) 


ordp(si(p)) > 


ordp(p) — (p — 1) -1- (p — 1 — i) ordp(f) — (p — 1) ordp^dt) 

p 


It follows that for each P there exists some integer Cp such that Cp = 0 for all but hnitely 
many P and 

ordp(p) > Cp for all p G R. 

It follows that R is a hnite-dimensional iC-vector space, from which we deduce easily that x 
is p-automatic. □ 


Corollary 8.3. The set P((t‘’^))aut is a module over P((t^))aut C K{{t)). 

Proof. By Remark iR^ a). P((t'®))aut is closed under addition. By Theorem 18.2[ iC((t'®))aut Cl 
K{{t)) is a ring (namely the integral closure of K{t) in K{{t))). It thus remains to verify that 
for X G iL((f®))aut, y e P((f‘®))autniL((f)), we have xy G P((t‘‘^))aut- To check this, we may 
apply Lemma [RTI to reduce to the case where x, y are both p-automatic. As in Remark iR^ f). 
we may express x as a hnite linear combination YhiyPi which p* G K{(t)) is p-automatic, 
and Zi is p-automatic and supported on [0,1); by the same remark, xy = J2iiyyi)^i P~ 
automatic. □ 


We append a remark suggested by David Speyer in [iQ] . 

Remark 8.4. Note that Qp (the module of absolute Kahler diherentials) is a one-dimensional 
vector space generated by dt. It was shown by Tate [12] that the operator C : flpix ^ ^lik 
taking xdt to Sp_i(x) dt is independent of the choice of the local coordinate t. This map is 
called the Cartier operator and is of great importance in characteristic-p algebraic geometry; 
it can be even used to control the complexity (i.e., the number of states) of the automata 
arising in Christol’s theorem, as shown by Bridy [8]. However, we will have no further use 
for it here. 
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Remark 8.5. Let F be a finite field. By Theorem 18.21 an element x = ^ 

integral over F(t) if and only if it is p-quasi-automatic. By Lemma 1631 x is p-quasi-automatic 
if and only if the function Lp —)■ F taking s to X||s|| is p-automatic. That is, Theorem 18.21 
does indeed generalize Christol’s theorem fTheorem I4.4p . 

9. Automaticity of truncated algebraic series 

We now extend the “algebraic implies automatic” implication of Theorem 18.21 from power 
series to truncations of generalized power series. As in the incorrect argument given in [26] 
(see Remark [23D, the key calculation here involves Artin-Schreier extensions; while this 
calculation can be made directly, we prefer to use a trick to reduce to the case of ordinary 
power series. 

Lemma 9.1. If x E K((fi)) 

aut 7 y G A((f‘®)) satisfy — y = X, then any truncation of y is 

p-quasi-automatic. 

Proof. By Lemma 16.41 and Remark l6.di e), we may assume that the support of x is contained 
in either (—oo, 0) or (0, oo). In the latter case, we have 

y = c — X — x^ — ■■■ 

for some c G F^; since only finitely many summands contribute to any truncation, the claim 
is clear. 

So let us suppose hereafter that x is supported on (— cxo, 0). By Lemma 1631 we may further 
reduce to the case that tx is p-automatic and x is supported on (—1, 0). Then 

y = x^^^ + +-he 

for some c G F^; there is no harm in assuming that c = 0. Put x = tx and y = so 

that X is supported on (0,1) fl Z[p“^], y is supported on (0,1/p) fl Z[p“^], and 

(9.1.1) = 

Write X = V = define X,Y E A"|t] by the formulas 

Api — X||, i.ev(s)|h ~ ^||.rev(s)|| (-S ^ Lp)- 

By Lemma 16.41 and Corollary 15.71 X is p-automatic. Now note that in fl9.1.ip . the compu¬ 
tation of the left side involves no carries in base p-arithmetic; we may thus formally reverse 
to deduce the new identity 

yi/p _ fP-iy = X. 

By Theorem 18.21 Y is p-automatic; by Lemma 16.41 and Corollary 15 . 71 again, y is p-automatic. 

□ 

Corollary 9.2. Let P(T) E K[T] be a nonzero polynomial. If x,y E K{(t‘^)) are such that 
X is p-quasi-automatic and P{ip){y) = x, then every truncation of y is p-quasi-automatic. 

Proof. In case P{T) = T — p for some p E K., this follows from Lemma 19.11 upon replacing 
X with a sufficiently close approximation (using the fact that the roots of a polynomial vary 
continously with the coefficients, as in m Lemma 8]). The general case reduces to this case 
via [261 Corollary 6.4.6]. □ 

The following result is analogous to [261 Proposition 7.3.3], although the proof is more in 
the spirit of the transfinite Newton algorithm described in [271 Proposition 1]. 
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Lemma 9.3. Suppose that x = ^ -^((^^)) *■5 supported on Z[p ^]>o and is integral 

over K{{t)). Then every truncation of x is p-automatic. 

Proof. For r G M, let X(r) denote the r-truncation of x. Let S be the set of r G M for which 
X(^r) is p-automatic. Since x has well-ordered support, S is nonempty and does not contain 
a largest element. It thus suffices to deduce a contradiction assuming that S admits a hnite 
supremum r (not necessarily in Q), which necessarily does not belong to S. 

By Ore’s lemma (see 0 Lemma 12.2.3] or [251 Lemma 3.3.4]), there exists a monic poly¬ 
nomial P{T) = '^‘^^qPjT^ with coefficients in K{{t)) such that P{ip){x) = 0. Let Vt denote 
the f-adic valuation on K{(t)) and put c = minj{vt{Pj) + rpd}. For j = 0, ..., d, let Qj be 
the coefficient of in Pj (interpreted as 0 if c — rp ^ ^ Z) and put Q{T) = 

by the definition oi c, Q{T) ^ 0. 

By writing the c-truncation of PjX^ as J2m>c-rp3 we see that it has 

the form yj + Zj where yj = Q{x(^r))^ (again interpreted as 0 if c — rp^ ^ Z) and Zj is 
p-automatic. Put y = Yl!j=Qyp since P{ip){x) = 0, y is p-automatic. If Q consists of a single 
monomial, then y = Q{x for some j and so X(r) is p-quasi-automatic; otherwise, 
r, c G Q and t~^y = Q{ip)(t~^X(^r)), so Corollary 19 .2 1 implies that x^r) is p-quasi-automatic. In 
either case, we have r ^ S, a contradiction. □ 

Corollary 9.4. If x E K{{t^)) is integral over K{{t)) and has hounded support, then x is 
p-guasi-automatic. 

Proof. By Lemma WM. we may reduce to the case where x is supported on Z[p“^]>o. We 
may then deduce the claim from Lemma 19.31 □ 

Remark 9.5. At this point, one can use Corollary 18.31 and Corollary 19.41 to deduce that 
A((f‘®))aut is a subring of K{{f^)). However, we will not use this explicitly. 

10. The main theorems 

At this point, it is merely a matter of tying up loose ends to establish our main results. 
We start with the characterization of the integral closure of K[t) in K{{t^)). 

Lemma 10.1. Suppose that X = YhiXit'' e K{{t^)) is integral over K{{t)). Then for r G M 
sufficiently large, the r-truncation yt^r) of x is p-guasi-automatic, is integral over K{t), and 
generates a finite extension of K{{t)) containing x. 

Proof. By Remark lO.Of dL we may assume that x generates a finite separable extension of 
K{{f)). For all r G M, y{r) is p-quasi-automatic by Lemma [9.31 and hence integral over K{t) 
by Lemma 17.21 For sufficiently large r, we may apply Krasner’s lemma to the minimal 
polynomial of x to see that x and yi^r) generate the same extension oi K{{t)). □ 

Lemma 10.2. Let F F' he an inclusion of fields such that F is integrally closed in F'. 
Let E he a finite extension of F. 

(a) The ring E' = E F' is again a field. 

(b) The field E is integrally closed in E'. 

Proof. We first check (a) assuming that E = F{y) for some y E E; note that this entirely 
covers the case where E/F is separable (by the primitive element theorem). Let P E E[T] be 
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the minimal polynomial of y over F. In any algebraically closed field containing F, the roots 
of P are all integral over F; consequently, for any factorization of P into monic polynomials 
in F'[T], the coefficients of the factors are also integral over F. Since F is integrally closed 
in F', it follows that P remains irreducible in F'[T]; hence E' = E F' = F'[T]/(F) is 
again a field. 

To prove (b), suppose that a: G F' is integral over E. Let Q G F[T] be the minimal 
polynomial of x over F. Suppose for the moment that we can find a finite extension Ei of F 
for which the conclusion of (a) holds, that is, for which E[ = Ei®f F' is again a field. Since 
Q already splits into linear factors over Fi and x is a root of Q in the field FJ, x must belong 
to El. But X also belongs to E' = E®fF' ^ and inside Ei®fF' we have Fifl {E®fF') = F. 
Hence E is integrally closed in F', as desired. 

Note that the preceding argument again applies in case x generates a purely inseparable 
extension of F, as then we may take Fi to be F(x). Consequently, both (a) and (b) hold 
if F/F is purely inseparable, and so (a) holds if F/F is a separable extension of a purely 
inseparable extension. However, any polynomial can be split by such an extension, so both 
(a) and (b) hold in general. □ 

Corollary 10.3. Let E E E' E E" be inclusions of fields. Suppose that x,y E E" are 
integral over F and that x G F'{y). Put m = [F'{y) : E'] and write x = 

Qi G E'. Then the ai are themselves integral over F. 

Proof. We may assume that F is integrally closed in E'. By Lemma ri0.21 F'{y) = F{y)®FF' 
and F{y) is integrally closed in F'{y). Since x G F'{y) is integral over F, it follows that 
X G Fiy) and a* G F, as claimed. □ 

Theorem 10.4. The integral closure of K{t) in K{{t^)) eguals F((t‘®))aut- 

Proof. By Lemma [7.21 F((t'®))aut is contained in the integral closure, so it remains to prove 
the converse. We imitate the proof of [2H1 Proposition 7.3.4]. Choose x G F((t'®)) integral 
over K{t). By Lemma If 0.11 there exists a truncation y oi x that is p-quasi-automatic and 
integral over F(t), and moreover has the property that x and y generate the same finite 
extension of K{(t)). 

Note that any power of y has bounded support, and hence is p-quasi-automatic by Corol¬ 
lary 1231 Since x G F((t))(p), we may apply Corollary 110.31 to write x as some 

nonnegative integer m and some Oj in the integral closure of K{t) in K{{t)). By Theorem 18.21 
each Oi is p-quasi-automatic; by Corollary 18.31 x is p-quasi-automatic. □ 

As a corollary, we may immediately describe the completion of this integral closure. 

Theorem 10.5. The completed integral closure of K{t) (or eguivalently K{{t))) in K{{t'^)) 
consists of those x = whose truncations are p-guasi-automatic. 

Proof. The completed integral closure contains the set in question by Lemma 17.21 and is 
contained in this set by Theorem 110.41 □ 

We next describe the integral closure of K{{t)) in K{{t'^)). 

Theorem 10.6. The integral closure of K{(t)) in F((f‘®)) consists of those x = 
that the series 

yn= Xn+iT {n G Z) 

ie[o,i)n(Q 
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are all p-quasi-automatic and generate a finite-dimensional K-vector space. 

Proof. If the Pn are all p-quasi-automatic, then each one is integral over K{t) by Lemma [721 
If they moreover generate a hnite-dimensional TL-vector space, then x can be written as a 
Lf((f))-hnear combination of the p*, and thus is integral over K{{t)). Conversely, if x is 
integral over K{{t)), then by Lemma [9.31 each is p-quasi-automatic. By Lemma flO.il for 
N sufficiently large, x belongs to the hnite extension of K{{t)) generated by {pn ■ n < N}; 
then the pn for all n > belong to the iL-vector space generated by {pn : n < N}. This 
proves the claim. □ 

Remark 10.7. Another way to phrase the condition in Theorem 110.6! is that the pn can 
be generated as in Dehnition 16.3! in such a way that everything in Dehnition 15.10! is chosen 
uniformly as n varies except for the maps t, vr. 

Remark 10.8. We note that Theorem 110.6! immediately implies Proposition 12.51 thus re- 
conhrming the implication “twist-recurrent implies algebraic” of flEl Theorem 8]. 

11. Corollaries 

We next recover a number of corollaries of our main theorems. Many (but not all) of these 
were stated as results in [26], but in light of the failure of [26[ Theorem 8] we give proofs 
independent of [26] . 

The following result is stated as [26l Theorem 6], where it is also observed that the subring 
described is not itself a held. (In some sense, this is the closest approximation of the integral 
closure that can be dehned solely in terms of supports.) 

Corollary 11.1. The subring of K{(t'^)) consisting of series supported within some Sa,b,c 
(as defined in Definition \2.1\) contains the integral closure of K{{t)) in K{{t'^)). 

Proof. This follows from Theorem 110.6! because any p-quasi-automatic series is supported in 
some Safi,c- □ 

The following statement includes [IHl Corollary 9]. 

Corollary 11.2. Let F he a perfect subfield of K. Then the integral closure of F{t) (resp. 
F{{t))) in K{{t^)) consists of those elements of the integral closure in iL((f‘®)) with coeffi¬ 
cients contained in a finite extension of F. 

Proof. In Theorem ! 10. 61 each element of the integral closure in K{{t'^)) with bounded support 
is specihed by some discrete data and a hnite number of initial coefficients, the others being 
determined by linear-algebraic constraints. Consequently, if these coefficients belong to F, 
so do all of the others. □ 

For an imperfect subheld of K, we have the following incomplete classihcation. This state¬ 
ment is [2S1 Corollary 10] except that therein, “bounded below” is incorrectly substituted 
for “bounded above”. 

Corollary 11.3. Let F be a not necessarilp perfect subfield of K. If x G K{{t^)) is algebraic 
over F{{t)), then the following conditions must hold. 

(a) There exists a finite extension F' of F whose perfect closure contains all of the x,. 

(b) For each i, let ft be the smallest nonnegative integer such that ipl'fixi) G F'. Then 
fi — 'Vpii) is bounded above. 
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Proof. This follows from Theorem 110.61 as in the proof of Corollary 111.21 □ 

The following includes |26l Corollary 12]. 

Corollary 11.4. Suppose that x G K{(t'^)) is integral over K{(t)). Then every truncation 
of X is integral over K{t), and hence also over K{{t)). 

Proof. This is immediate from Theorem 110.41 and Theorem 110.61 □ 

The following statement replaces [261 Corollary 13]. 

Definition 11.5. Suppose that K is complete with respect to a multiplicative nonar- 
chimedean norm We say that x = ^ positive radius of convergence 

if there exists r > 0 such that r* —)■ 0 as z —)■ oo. 

Corollary 11.6. Suppose that K is complete with respect to a multiplicative nonarchimedean 
norm l#!^. Let K{{t)Y he the subfield of K{(t)) consisting of series with positive radius of 
convergence. Then the integral closure of K{{t)Y in K{{t'^)) consists of those x which are 
integral over K{(t)) (and thus may be described as in Theorem \10.6\) and have positive radius 
of convergence. 

Proof. One checks easily using Hensel’s lemma that if x is integral over K{{f)Y-i then x has 
positive radius of convergence. This proves the claim. □ 

The following corollary is new. Note that a special case was treated in Lemma 19.11 by 
directly identifying an algebraic relation satisfied by the transformed series; by contrast, in 
the general case it seems quite tricky to make such an identification. Note also that the 
condition on the support of x is quite restrictive; compare Remark 14.61 

Corollary 11.7. For i G Z[p“^]>o, let rev(z) be the function defined so that rev(||s||) = 
||rev(s)|| for s G Lp. Suppose that x = 'YY^Xif G K{(t'^)) is supported on a subset S of 
Z[p“^]>o such that lev{S) is also well-ordered. Then x is algebraic over K{t) if and only if 
^rev(i)t is. 

Proof. This is immediate from Theorem 110.41 □ 

The following is a theorem of Vaidya |l3l Lemma 4.1.1] generalizing an older result of 
Huang and Stefanescu [26l Theorem 2]. 

Corollary 11.8. The series x = ^ -^((^'^)) integral over K{{t)) if and only if 

the seguence {xj} satisfies an LRR, in which case x is also integral over K{t). 

Proof. Immediate from Theorem 110.41 and Theorem 110.61 □ 

The following corollary generalizes a result of Deligne [16] (extending a previous result of 
Furstenberg izni): the integral closure of K{t) in K{{t)) is stable under Hadamard products. 
(A more elementary proof has been given by Sharif and Woodcock [TT].i 

Corollary 11.9. The integral closure of K{t) (resp. K{{t))) in iL((f'®)) is stable under 
Hadamard products. 

Proof. Immediate from Remark 16.61 and Theorem 110.41 fresp. Theorem 110.61) . □ 

We now specialize to the case where K = Fp. In this context, we have already recovered 
Christol’s theorem (see Remark I8.5p . We next recover Theorem 14.51 in a similar fashion. 
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Remark 11.10. Let F be a finite field. By Theorem 110.41 an element x = ^ 

is integral over F{t) if and only it is p-quasi-automatic. By Lemma [6.51 this is equivalent to 
the conditions of Theorem 14.51 


We next recover [26l Theorem 15], and hence also [26l Theorem 2]. 

Theorem 11.11. A series x = X]*^*^* ^ integral over ¥p{{t)) if and only if the 

following conditions hold. 

(a) There exist a, b, c such that x is supported on Sa,b,c- 

(b) For some (hence any) a,b,c as in (a), there exist integers M,N with the following 
property: for each integer m > —b, the function fm '■ T^ ^ K given by fm{z) = 
X{m+z)ia has the property that every seguence as in fl2.3.ip becomes periodic of period 
N after at most M terms. 


Proof. This is immediate from Theorem 110.41 

We next recover the statement of [26l Theorem 8] in the case K = Fp. 


□ 


Theorem 11.12. A series x = '^^Xif G Fp((t'®)) is integral over¥p{(t)) if and only if it is 


twist-recurrent in the sense of Definition\2.4 


Proof. This is immediate from Theorem 111.121 


□ 


12. Zero sets 

The Skolem-Mahler-Lech theorem asserts that the zero set of a linear recurrent sequence 
over a field of characteristic zero consists of a finite union of arithmetic progressions plus 
a finite set. Over a field of characteristic p, such a zero set can be more complicated; for 
example, the sequence {(1 +1)"" — 1 — F}((Lq over ¥p{t) has zero set {l,p,p ^,... }. The zero 
sets of linear recurrent sequences in characteristic p have been classified by Derksen mi 
Theorem 1.8]; an intriguing feature of this classification is that every zero set is the image 
under !•! of a regular language in L^. 

It has been observed by Adamczewski and Bell [4] that such a statement also holds for 
the coefficients of algebraic power series. To prepare for the discussion of the correspond¬ 
ing statement for generalized power series, it is useful to formulate a stronger multivariate 
statement from |1], then give an alternate proof of the latter. 

Definition 12.1. For k a positive integer, let C (Bp)* be the set of strings not beginning 
with (0,..., 0); this is evidently a regular language. For s = (sq, ..., s„) G Lp’^, define 



this defines a bijection !•! ; —)■ Z>q. 

The following is [H Theorem 1.4], but with a different proof. 

Theorem 12.2. For any x = nk=o^ni,...,nkti ^'' ^ ■ ■ ■ Akl which is integral 

over K{ti,... ,tk), the set {(ni,... ,nk) G Z>o : = 0} is the image under !•! of a 

regular language in 
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Proof. Note that the Xni,...,nk all belong to some hnitely generated subheld Kq of K] by 
Noether normalization, Kq is hnite over some subheld Ki of the form Fp(zi,... ,Zm)- Let 
L be the normal closure of Kq over Ki. The set of elements of K\ti ,... ,tfc] integral over 
K{ti,... ,tk) is closed under Hadamard products [H], so by replacing each with its 

norm from L to Ki we may reduce to the case Kq = Ki. By rescaling t, we may further 
reduce to the case where the all belong to Fp[2 ;i,..., Zm]- We may then view a: as a 

series 


E 




ni 


e ^pltl,...,tk,Zi,...,Zmj 




,=0 


which is integral over Fpifi,... ,tk, zi,..., Zm)- By Salon’s multivariate analogue of Christol’s 
theorem [37], the latter is p-automatic; that is, the function —>■ Fp taking s to a:|s| is 

a hnite-state function. In particular, the set {s G : a:|s| = 0} is a regular language; 

we may conclude from this point by repeated application of Lemma 13.81 □ 


Note that even when k = 1, the proof of Theorem 112.21 involves series in more than one 
variable. Consequently, to make an analogous argument for generalized power series, we must 
introduce some notation about multivariate series; we give only a limited treatment here, 
as a complete “algebraic equals automatic” theorem in this context is somewhat difficult to 
formulate (see the discussion at the end of [2B]L 

Definition 12.3. For k a positive integer, let C U {.})* be the set of the strings of 
the form S1.S2 with Si G S 2 G rev(Lp’^). For s = (sq, ..., Sn) G let i be the unique 
index for which Si = ., and define 

( i—1 n 

j=0 j=i+l 

Theorem 12.4. For x = Y2iXiP G iC((f®)) integral over K{t) with support in Z[p“^]>o, the 
set {i G Z[p“^]>o : Xj = 0} is the image under ||•|| of a regular language. 

Proof. By Corollary 111.21 the Xi all belong to the perfect closure of some finitely generated 
subfield Kq of IF; by Noether normalization, Kq is finite over some subfield Ki of the form 
Fp(xi, ..., Zm)- Let L be the normal closure of Kq over Ki. By Corollarv lll.91 replacing each 
Xi with its norm from the perfect closure of L to the perfect closure of Ki yields another 
element of K{{t^)) integral over K{t), so we may assume hereafter that Kq = Ki. 

By Lemma 110.11 there exists a truncation p of x that is p-automatic and integral over 
K{t), and moreover has the property that x and y generate the same finite extension of 
K{(t)). Since x G K{(t)){y), we may apply Corollary 110.31 to write x as a polynomial in y 
whose coefficients belong to the integral closure of K{t) in K{{t)). 

Let S be the subring of K{{t)) consisting of series whose coefficients belong to the perfect 
closure of Fp[2 :i,..., Zm]- Write K{(t)){y) as a tower of Artin-Schreier extensions of K{{t))] 
by rescaling f, we may further reduce to the case where x G S' and these Artin-Schreier 
extensions lift to etale extensions of S. Write x as a formal sum 














with coefficients in Fp; we may then argue as in the proof of Lemma [9.31 to see that for any 
r G M, the function —)■ Fp taking s to X||s|| if the hrst component of ||s|| is at most r and 

0 otherwise is a finite-state function. Combining this result with Salon’s theorem, we may 
deduce that the function —)■ Fp taking s to xysn is a hnite-state function. We again use 

Lemma [3.81 to hnish. □ 

13. An analogue in mixed characteristic 

In [27], an explicit description is given of the completed algebraic closure of a local held 
of mixed characteristics. This description depends on [221 Theorem 8] via [271 Theorem 10]; 
consequently, we may invoke Theorem 111.121 to see that [271 Theorem 10, Theorem 11] 
remain correct when the local held has residue held contained in Fp. (In particular, the 
remarks appearing after the latter result remain valid.) However, the results fail without 
this additional restriction. 

We now use our results to give an alternate characterization of the completed algebraic 
closure in the language of hnite automata. 

Definition 13.1. For n a positive integer or oo, let Wn denote the functor of p-typical Witt 
vectors of length n; we have a canonical identihcation 

where the wedge indicates the p-adic completion if n = cxd and otherwise has no ehect. It is 
customary to omit the subscript n when it equals cxo. 

Using the Witt vector Frobenius p on Wn{K), we may proceed by analogy with 1|5] to 
dehne (p-automatic functions f : ^ Endz(M) for M a hnite free HA (A)-module, as well 

as ip-biautomatic functions f : Lp ^ Endz(M). We correspondingly dehne p-automatic and 
p-quasi-automatic elements of Wn{K){{t'^)). 

We have the following replacement for [271 Theorem 10]. 

Theorem 13.2. Let L be the integral closure of K{t) in A((f‘®)). Then for n a positive inte¬ 
ger oroo, the image ofWn{L) in HA(A)((f'®)))^ consists of the p-quasi-automatic elements. 

Proof. It suffices to treat the case where n is hnite. Note that [2S1 Lemma 3.3.5] may be 
formally promoted to a corresponding statement with K replaced by HA (A). Using this, 
we may imitate the proof of Lemma 17.21 to show that any p-quasi-automatic element of 
HA(A)((f'®)) belongs to the image of HA(L). To prove the reverse inclusion, we induct 
on n. The base case n = 1 follows from Theorem 110.41 In general, if a: G HA(L), it 
follows that the image of a: in L (via reduction mod p) is p-quasi-automatic. By lifting the 
terms in a presentation of x, we may construct y G HA(A)((f‘®)) which is p-quasi-automatic 
and congruent to x modulo p. Using the forward inclusion, we may write x = y -\- pz for 
some z G HA_i(L), and the induction hypothesis implies that z is p-quasi-automatic. This 
completes the induction. □ 

By combining this with m Theorem 7], we formally deduce the following replacement for 
m Theorem 11]. 

Definition 13.3. As in [271 §2], we dehne W(A)((p‘®)) as the quotient of W{K){(t‘^)) (or 
equivalently W {K){(t‘^))^) by the ideal consisting of those x = XtP for which ^n+iP"' = 
0 for all i G Q. By m Proposition 2], this is an algebraically closed held. Each element 
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of this field admits a unique lift to W{K){{t'^)) of the form where Xi E K and the 

brackets denote Teichmiiller lifts. 

Theorem 13.4. Let L be the completed integral closure of K{{t)) in K{{t'^)). Then the 
completed integral closure ofW{K)[p~^] in W{K){{p'^)) is the completion of the image of 
the p-guasi-automatic elements of Wn{K){{t'^))^. Moreover, this image consists of those 
elements whose representation as ^ ^(-^)((^^)) has the property that ^ 

(or eguivalently by Theorem \lU.5[ every truncation ofY^ii^iL is p-guasi-automatic). 

Proof. The hrst statement is immediate from m Theorem 7]. The second statement follows 
from the hrst statement and Theorem [TT2l as in the published proof of m Theorem 11], □ 

Remark 13.5. We take this opportunity to report some additional errata to [2^. Thanks 
to Chris Davis for providing some of these. 

• page 336: the equality in (2) should read 

Cn = f{l - bj_ip~^^^ - p~'^"^\bjp~^ + bj+ip~^~^ H-)). 

• page 377: after Theorem 10, “we nos give” should be “we now give”. 

• page 337: in point 2 above Theorem 11, the dehnition of / should read fi = 


14. Computational aspects 

In [28l §8.1], some thoughts are recorded regarding the possible use of hnite automata 
for making machine computations in the algebraic closure of Fg(f), for a hnite held. 
To our knowledge, no systematic ehort has been made to realize these thoughts, with one 
exception: the very recent paper of Bridy [S] gives explicit estimates for the state complexity 
of the automata required to represent algebraic power series. These bounds take the form 
g” where n is a sum of certain geometric invariants. 

However, we would like to take this opportunity to point out that recasting the construc¬ 
tion in terms of p-composed functions may provide some algorithmic improvements. Namely, 
one of the potential difficulties with computing with automata is the opportunity for an ex¬ 
plosion in the number of states required to describe a particular series; for example, given a 
language described by a hnite automaton on n states, its reversal may require as many as 2” 
states. By contrast, reversing a p-composed function entails no explosion, as the underlying 
vector space is merely replaced with its dual space. A related observation is that the key 
parameter when dealing with p-automatic series is the dimension of the vector space used 
to write down the corresponding p-composed function; by contrast, if one works in terms of 
hnite automata, then it is the cardinality of this vector space that controls the complexity. 
Since addition and multiplication of p-automatic series correspond to direct sum and tensor 
product of vector spaces, one expects much better behavior in the linear-algebraic approach; 
namely, by factoring dimensions into account, one might hope to obtain an analogue of 
Bridy’s estimate in which the function g” is replaced by some polynomial in n. 

For these reasons, it seems reasonable to try to use p-composed functions, rather than 
automata, as the basis for computing in an algebraic closure of K{t) even in the case when 
K is the algebraic closure of Fp. We leave this as a challenge for the interested reader. 
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15. Effect on the literature 


We conclude by analyzing the effect of the error in [26], and the corrections introduced in 
this paper, on the mathematical literature. We begin with the effect on |26| itself. 

• The statements |26l Theorem 1, Theorem 2] are taken from previous literature. 

• The statements [26l Lemma 3, Lemma 4, Corollary 5, Lemma 7, Lemma 14] are 
correct with their given proofs. 

• The statements [26l Theorem 6, Corollary 9, Corollary 11, Corollary 12, Theorem 15] 
follow respectively from Corollarv lll.il Corollarv lll.21 Theorem 110.51 Corollary 1 11. 41 
Theorem lll.lll In the same vein, [261 Corollary 10] follows from Corollary 111.31 once 
its statement has been corrected to match that result. 

• As noted earlier, [261 Theorem 8] is true when iC = Fp by Theorem 111.121 but false 
otherwise by Example 12.61 the same is true of [261 Corollary 11]. 

• The statement [261 Corollary 13] is false as written, but becomes true if one replaces 
“twist-recurrent series” by “series algebraic over iL((t))” and may then be reinter¬ 
preted using Theorem 110.61 See Corollary 111.61 

We next consider the effect on Bn. As described in m m Theorem 10, Theorem 11] 
fail when K ^ Fp, and must be replaced by Theorem 113.21 and Theorem 113.41 respectively. 
None of the other results of [27] depend on [26], so they remain unaffected. 

We finally consider the effect on papers that cite [26] and/or [27], as indicated by a 
MathSciNet search conducted in March 2016. Papers referencing [28] independently of [261 
127] are unaffected, and are thus not listed here. 

• The following papers make only passing references to [26] and/or [27], with no refer¬ 
ence to specific results, and are thus unaffected: [T], [2], [6], [IHI, E], CS], [IS], IT61 . 

m, m, m, m, m, isni, m, isa, m, Eg. 

• The following papers only reference [26] (either explicitly or via [27]) in the case 
where K = Fp, and are thus unaffected: [3], [2S], [32], [35] . 

• The following papers only rely on the prior result [261 Theorem 1], and are thus 
unaffected: [6], [IT], [34] . 

• The paper [36] references the transfinite Newton recurrence described in [271 §2], and 
is thus unaffected. 

• The paper [29] references only the projection from generalized power series in mixed 
characteristic to positive characteristic, as described in [271 Theorem 7], and is thus 
unaffected. 

• The paper [S3] makes two references to [26]. One is in the proof of [SSI Proposi¬ 

tion 5.4], which depends only on the prior result [261 Theorem 1] and is thus unaf¬ 
fected. The other is more serious: it is [SS] Proposition 5.2], an explicit computation 
on twist-recurrent series which is then combined with [261 Theorem 8] to deduce [331 
Proposition 5.3]. Fortunately, the latter result holds for a simpler reason: for any 
homomorphism rj : Q ^ , the formula 


HA y^^r]{i)xif 

ieQ ieQ 
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defines an automorphism of K{{t'^)) acting on K{{t)), which then also acts on the 
algebraic closure of K{{t)) in (because any ring homomorphism preserves 

integral dependence). Consequently, [33] is ultimately unaffected. 

References 

[1] F. Abbes and M. Hbaib, Rational Laurent series with purely periodic /3-expansions, Osaka J. Math. 50 
(2013), 807-816. 

[2] F. Abbes, M. Hbaib, and M. Merkhi, /3-expansion and transcendence in Fg((a;“^)), Theoret. Comput. 
Sci. 516 (2014), 71-77. 

[3] B. Adamczewski and J. Bell, Function fields in positive characteristic: exponents and Cobham’s theorem, 
J. Algebra 319 (2008), 2337-2350. 

[4] B. Adamczewski and J. Bell, On vanishing coefficients of algebraic power series over fields of positive 
characteristic, Invent. Math. 187 (2012) 343-393. 

[5] J.-P. Allouche and J. Shallit, Automatie Sequences: Theory, Applications, Generalizations. Cambridge 
Univ. Press, 2003; errata available at https://cs.uwaterloo.ca/~shallit/as-errata.pdf, 

[6] M. Bays and B. Zilber, Covers of multiplicative groups of algebraically closed fields of arbitrary char¬ 
acteristic, Bull. London Math. Soc. 43 (2011), 689-702. 

[7] O. Beyarslan and E. Hrushovski, On algebraic closure in pseudofinite fields, J. Symbolic Logic 77 (2012), 
1057-1066. 

[8] A. Bridy, Automatic sequences and curves over finite fields, arXiv: 1604.082411^2 (2016). 

[9] S. Brzostowski, Non-characteristic approximate roots of polynomials, J. Algebra 343 (2011), 143-159. 

[10] S. Brzostowski and T. Kodak, The Lojasiewicz exponent over a field of arbitrary characteristic. Rev. 
Math. Complut. 28 (2015), 487-504. 

[11] B. Chiarellotto and N. Tsuzuki, Log-growth filtration and Frobenius slope filtration of F-isocrystals at 
the generic and special points. Doc. Math. 16 (2011), 33-69. 

[12] G. Christol, Ensembles presque periodiques /c-reconnaissables, Theoret. Comput. Sci. 9 (1979), 141-145. 

[13] G. Christol, T. Kamae, M. Mendes France, G. Rauzy, Suites algebriques, automates et substitutions. 
Bull. Soe. Math. France 108 (1980), 401-419. 

[14] S.D. Cutkosky and O. Kashcheyeva, Algebraic series and valuation rings over nonclosed fields, J. Pure 
Appl. Algebra 212 (2008), 1996-2010. 

[15] C. Davis and K.S. Kedlaya, On the Witt vector Frobenius, Proc. Amer. Math. Soc. 142 (2014), 2211- 
2226. 

[16] P. Deligne, Integration sur un cycle evanescent. Invent. Math. 76 (1984), 129-143. 

[17] H. Derksen, A Skolem-Mahler-Lech theorem in positive characteristic and finite automata. Invent. Math. 
168 (2007), 175-224. 

[18] M. Einsiedler, M. Kapranov, and D. Lind, Non-archimedean amoebas and tropical varieties, J. reine 
angew. Math. 601 (2006), 139-157. 

[19] A. Firicel, Rational approximations to algebraic Laurent series with coefficients in a finite field, Acta 
Arith. 157 (2013), 297-322. 

[20] H. Furstenberg, Algebraic functions over finite fields, J. Algebra 7 (1967), 271-277. 

[21] R. Ghorbel, M. Hbaib, and S. Zouari, Purely periodic beta-expansions over Laurent series, Internal. J. 
Algebra Comput. 22 (2012), 12 pages. 

[22] S. Gluzman and V.I. Yukalov, Extrapolation of perturbation-theory expansions by self-similar approxi- 
mants, European J. Appl. Math. 25 (2014), 595-628. 

[23] M. Hbaib, Y. Laabidi, and M. Merkhi, Number of digit changes in /3-expansion of unity in Fq((a;“^)), 
Acta Math. Hungar. 145 (2015), 350-359. 

[24] M. Hbaib, E. Mahjoub, and E. Taktak, On the smallest Salem series in Fq((A“^)), New York J. Math. 
21 (2015), 181-190. 

[25] A.N. Jensen, H. Markwig, and T. Markwig, An algorithm for lifting points in a tropical variety. Collect. 
Math. 59 (2008), 129-165. 

[26] K.S. Kedlaya, The algebraic closure of the power series field in positive characteristic, Proc. Amer. 
Math. Soc. 129 (2001), 3461-3470. 


24 


[27] K.S. Kedlaya, Power series and p-adic algebraic closures, J. Number Theory 89 (2001), 324-339. 

[28] K.S. Kedlaya, Finite automata and algebraic extensions of function fields, J. Theorie Nomhres Bordeaux 
18 (2006), 379-420. 

[29] K.S. Kedlaya, New methods for (</?, r)-modules. Res. Math. Sci. 2 (2015). 

[30] K.S. Kedlaya and B. Poonen, Orbits of automorphism groups of fields, J. Algebra 293 (2005), 167-184. 

[31] J. Le Borgne, Optimisation du theoreme d’Ax-Sen-Tate et application a un calcul de cohomologie 
galoisienne p-adique, Ann. Inst. Fourier (Grenoble) 60 (2010), 1105-1123. 

[32] R. Liu, Slope filtrations in families, J. Inst. Math. Jussieu 12 (2013), 249-296. 

[33] E. Mosteig, Value monoids of zero-dimensional valuations of rank 1, J. Symb. Comp. 43 (2008), 688-725. 

[34] E. Mosteig and M. Sweedler, The growth of valuations on rational function fields in two variables, Proc. 
Amer. Math. Soc. 132 (2004), 3473-3483. 

[35] M.A. Papanikolas, Tannakian duality for Anderson-Drinfeld motives and algebraic independence of 
Carlitz logarithms. Invent. Math. 171 (2008), 123-174. 

[36] S. Payne, Eibers of tropicalization. Math. Z. 262 (2009), 301-311. 

[37] O. Salon, Suites automatiques a multi-indices, Sem. Theorie Nombres Bordeaux 15 (1986-1987), 1-36. 

[38] J.-C. San Saturnine, Theoreme de Kaplansky effectif pour des valuations de rang 1 centrees sur des 
anneaux locaux reguliers et complets, Ann. Inst. Fourier (Grenoble) 64 (2014), 1177-1202. 

[39] K. Scheicher and V.E. Sirvent, Automatic /3-expansions of formal Laurent series over finite fields. Finite 
Fields Appl. 27 (2014), 1-23. 

[40] D. Speyer, Christol’s theorem and the Cartier operator, blog post of 11 Eeb 2010, downloaded (August 
2015) from https://sbseminar.wordpress.com/2010/02/11/ 

[41] H. Sharif and C.F. Woodcock, Algebraic functions over a field of positive characteristic and Hadamard 
products, J. London Math. Soc. 37 (1988), 395-403. 

[42] J. Tate, Genus change in inseparable extensions of function fields, Proc. Amer. Math. Soc. 3 (1952), 
400-406. 

[43] S. Vaidya, Generalized Puiseux expansions and their Galois groups, Illinois J. Math. 41 (1997), 129-141. 


25 


